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Abstract
It has been shown that only certain neutrino mass matrices with texture zeros are compatible with existing data. We discuss
the stability of phenomenological consequences of texture zeros under radiative corrections in the type-I see-saw scenario. We
show that under certain conditions additional patterns are allowed due to these effects.
 2004 Elsevier B.V. Open access under CC BY license.1. Introduction
Remarkable progress has been made in recent years
in the determination of neutrino masses and mixings,
especially due to the results from oscillation experi-
ments. The fact that two of the three mixings turned
out to be large came as a surprise and shows that
we are still far from a fundamental understanding of
the flavour structure of the Standard Model (SM) and
its extensions which include neutrino masses. This
surprise should remind us that the absolute neutrino
masses need not be hierarchical as naively expected
from the analogy to the quark sector. This is impor-
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Open access under CC BY license.tant, since renormalization group (RG) effects can
then have a considerable impact on the evolution of
flavour structures towards the scale where they are ex-
plained.
Similar to models in the quark sector [1–9], one
framework to understand the neutrino masses and mix-
ings is to assume certain elements of the mass matrix
to be zero [10–23]. Such texture zeros can be pro-
duced, for example, by flavour symmetries, see, e.g.,
[24]. However, these symmetries are often broken at
a high energy scale, so that RG running destroys the
texture zeros. A classification of textures with two or
more zeros and their compatibility with experimental
data was given in Refs. [10,11]. We will study how
RG corrections affect these results. In particular, we
will show that some of the patterns which have been
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ficiently large entries in the positions of the former
zeros.
The running of neutrino parameters is described
at low energies by the RG equations for the lead-
ing neutrino mass operator. In the SM and its mini-
mal supersymmetric extension (MSSM) with massive
neutrinos, this is a dimension 5 operator, whose en-
ergy dependence is determined by the RG equation
[25–28]
(1)16π2 dκ
dt
= C(Y †e Ye)T κ + Cκ(Y †e Ye)+ ακ.
The neutrino mass matrix is defined as mν = v24 κ ,
where v ≈ 246 GeV in the SM and v ≈ sinβ ·246 GeV
in the MSSM. The renormalization scale µ enters as
usual via t = ln(µ/µ0), and C = − 32 in the SM, C = 1
in the MSSM. Finally, α is a flavour scalar containing,
e.g., gauge couplings. Hence, the last term in the RG
equation is flavour-blind and leads only to an overall
rescaling which does not affect the mixing parame-
ters.
In this Letter, we work in the basis where the
Yukawa matrix of the charged leptons Ye is diago-
nal, i.e., we use the same classification of textures
as in [10,11]. From Eq. (1) it follows then immedi-
ately that the radiative corrections to each element
of the neutrino mass matrix (or, equivalently, κ) are
proportional to this element itself, so that a zero en-
try remains zero. However, this changes in the type-I
see-saw scenario [29–32] at energies larger than the
masses of the heavy singlet neutrinos that are intro-
duced in order to explain the smallness of the light
neutrino masses. Above this threshold, the neutrino
Yukawa couplings Yν contribute to the RG equations.
In general, they are non-diagonal and hence cause a
mixing of the mass matrix elements, so that the ele-
ments which are zero at the high-energy scale obtain
a finite value at low energies and thus texture zeros
are destroyed. We will determine under which condi-
tions this modifies the compatibility of textures with
experimental data. We will apply a bottom–up ap-
proach, i.e., we will study if the RG running from
low to high energies can lead to a zero element.
Therefore, we will refer to this possibility as radia-
tive generation rather than destruction of texture ze-
ros.2. Conditions for the stability of textures
2.1. Running of the effective neutrino mass matrix
In the full theory with singlet neutrinos, i.e., above
the highest see-saw scale, the relevant quantity for our
discussion is the effective light neutrino mass matrix
defined as
(2)mν = −v
2
2
YTν M
−1Yν,
where M is the mass matrix of the heavy singlets and v
is the relevant Higgs vacuum expectation value at low
energy. From the RG equations for Yν and M [33–38]
one obtains
16π2
dmν
dt
= (CeY †e Ye + CνY †ν Yν)T mν
(3)+ mν
(
CeY
†
e Ye + CνY †ν Yν
)+ α′mν
with Ce = − 32 , Cν = 12 in the SM, Ce = Cν = 1 in the
MSSM, and
(4a)
α′SM = −
9
10
g21 −
9
2
g22 + 2 Tr
(
Y †ν Yν
)
+ 2(y2τ + y2µ + y2e )
+ 6(y2t + y2b + y2c + y2s + y2d + y2u),
(4b)
α′MSSM = −
6
5
g21 − 6g22 + 2 Tr
(
Y †ν Yν
)
+ 6(y2t + y2c + y2u),
where yi are Yukawa couplings. We use GUT charge
normalization for the U(1) gauge coupling. Between
the mass thresholds, the running is modified because
the singlets are successively integrated out [39]. Note
that the RG equations for the effective mass operators
cannot be obtained from Eq. (3) by omitting suitable
Yukawa couplings in general [40].
2.2. Mass matrix elements
In the bottom–up approach, one can understand un-
der which circumstances the radiative generation of
texture zeros is possible. If an element of the neutrino
mass matrix, say mνij , is to be zero at the GUT scale
MGUT, the sum of its value at the see-saw scale M1
and its change due to the running between this scale
and MGUT has to be zero. In linear approximation, this
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(5)mνij |M1 ≈ −m˙νij |M1 ln
MGUT
M1
.
If mνij is complex, this relation must be satisfied for
both its real and its imaginary part. Hence, we can
assume mν to be real in the following derivation if
we keep in mind that each equation actually stands
for two. We also assume that all singlet neutrinos are
integrated out at the mass M1 of the lightest singlet.
To obtain a conservative bound, we choose this mass
to be larger than about 109 GeV. Of course, smaller
values are possible in principle, but then the neutrino
Yukawa couplings have to be rather small as well, so
that the RG evolution is actually suppressed. In the
numerical examples presented later on, the see-saw
scale lies comfortably above this lower bound. With
M1  109 GeV and MGUT ∼ 1016 GeV, Eq. (5) be-
comes
(6)−16π
2m˙νij
mνij
 10.
Here and in the following, we implicitly assume
the values of energy-dependent quantities like mν
to be taken at M1. Keeping only the top and tau
Yukawa couplings and introducing the abbreviation
H := Y †ν Yν , the RG equation (3) can be rewritten for
an individual matrix element,
(7)16π2m˙νij = (mνH)ij + (mνH)ji + σmνij
with
(8)
σ := 2 TrH + (δi3 + δj3)y2τ + 6y2t −
6
5
g21 − 6g22
M1=1013 GeV≈ 2 TrH + (δi3 + δj3)y2τ + 1
in the MSSM. Note that σ is always positive. Plugging
(7) into in Eq. (6) and collecting all terms independent
of mν on the r.h.s. yields
−
∑
k =j mνikHkj +
∑
k =i mνjkHki
mνij
(9) 10 + σ + Hii + Hjj .
Careful inspection of this relation shows that radia-
tive generation of texture zeros requires at least one
element of mν to be roughly an order of magnitude
larger than the value of the zero candidate at the see-
saw scale. In the complex case, both the real and theimaginary parts of the matrix elements have to satisfy
this requirement.
To see this, consider the easiest case first: let us as-
sume that the l.h.s. of in Eq. (9) is dominated by a
single term, say mνikHkj (i = j ), and that Hkj ∼ 1.
Then Hjj ∼ 1, Hii is small, and TrH ∼ 2. Hence, we
obtain
(10)−mνik
mνij
 16.
In principle, Hkj could be as large as 3 as long as all
|Yνij |  1. This would reduce the required hierarchy
somewhat, but the difference is not dramatic as the
terms containing H on the r.h.s. become larger as well.
The smallest hierarchy is expected if all elements
of H are large. For Hij ∼ 1, we find
(11)−
∑
k =j mνik +
∑
k =i mνjk
mνij
 19,
so that
(12)−mνik
mνij
 5
if all elements of the neutrino mass matrix except mνij
are approximately equal. Thus, the required hierar-
chy can be a bit smaller than an order of magnitude.
However, in this case it is difficult to find a Yukawa
matrix which is perturbative and still reproduces the
correct neutrino mass parameters via the see-saw for-
mula. Hence, we conclude that the above statement
about the required hierarchy in mν is reasonably con-
servative.
In the SM, the first two terms on the r.h.s. of Eq. (7)
are multiplied by an additional factor of 12 , and σ is
replaced by
(13)
σ = 2 TrH + 6y2t −
9
10
g21 −
9
2
g22
M1=1013 GeV≈ 2 TrH + 0.4,
where we have neglected the tau Yukawa coupling,
too, since it is always small in the SM. Because of
the change in Eq. (7), the term 10 + σ in Eq. (9) has
to be multiplied by 2. Thus, a hierarchy is necessary
in the SM as well, and it has to be even larger than
in the MSSM, so that the generation of texture zeros
becomes harder. On the other hand, the effects of the
running between the mass scales of the heavy singlets
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provide a loophole attenuating the restrictions found
in this section.
2.3. Mass eigenvalues
Let us now see what the hierarchy requirement for
the elements of the neutrino mass matrix means for the
mass eigenvalues. For this purpose, we express the ma-
trix elements in terms of the eigenvalues m1,m2,m3
and the mixing parameters. We use the approxima-
tions θ13 ≈ 0 and 
m2  
m2a . For a normal mass
hierarchy, we have m1 := m, m2 =
√
m2 + 
m2 and
m3 ≈
√
m2 + 
m2a. Using
(14)UT mνU = diag(m1,m2,m3)
and the standard parameterization for the lepton mix-
ing matrix U in the limit θ13 = 0,
U =
(
c12 s12 0
−c23s12 c23c12 s23
s23s12 −s23c12 c23
)
(15)× diag(e−iϕ1/2, e−iϕ2/2,1),
we obtain (assuming without loss of generality that all
unphysical phases in U are zero)
(16a)mν11 ≈
√
m2 + 
m2s212eiϕ2 + mc212eiϕ1,
(16b)
mν22 ≈
√
m2 + 
m2a s223 +
√
m2 + 
m2 c212c223eiϕ2
+ ms212c223eiϕ1,
(16c)
mν33 ≈
√
m2 + 
m2a c223 +
√
m2 + 
m2 c212s223eiϕ2
+ ms212s223eiϕ1 ,
(16d)mν12 ≈
(√
m2 + 
m2 eiϕ2 − meiϕ1
)
c12s12c23,
(16e)
mν13 ≈ −
(√
m2 + 
m2 eiϕ2 − meiϕ1
)
c12s12s23,
(16f)
mν23 ≈
(√
m2 + 
m2a −
√
m2 + 
m2 c212eiϕ2
− ms212eiϕ1
)
c23s23,
where s12 := sin θ12, c12 := cos θ12 etc. If the mass
spectrum is hierarchical, i.e., m ≈ 0, the elements of
the first row and column of mν are of the order of√

m2, while the others are of the order of
√

m2a .Hence, the maximal hierarchy between two elements
of mν is roughly
√

m2/
m2a ∼ 1/6, which is not
enough for the generation of a texture zero. This state-
ment holds independent of the Majorana phases ϕ1 and
ϕ2, since each matrix element is dominated by just a
single term. Note that the running of the mixing angles
between the electroweak and the see-saw scale does
not change this conclusion, since it is not significant
for a strong normal hierarchy [41–43].
For quasi-degenerate neutrinos, i.e., m2  
m2a,
the above formulae simplify to
(17a)mν11 ≈ m
(
s212e
iϕ2 + c212eiϕ1
)
,
(17b)mν22 ≈ m
(
s223 + c212c223eiϕ2 + s212c223eiϕ1
)
,
(17c)mν33 ≈ m
(
c223 + c212s223eiϕ2 + s212s223eiϕ1
)
,
(17d)mν12 ≈ m
(
eiϕ2 − eiϕ1)c12s12c23,
(17e)mν13 ≈ −m
(
eiϕ2 − eiϕ1)c12s12s23,
(17f)mν23 ≈ m
(
1 − c212eiϕ2 − s212eiϕ1
)
c23s23.
As the situation now depends on the values of the
Majorana phases, we consider the real cases first. For
ϕ1 = ϕ2 = 0, the diagonal elements of the mass matrix
approach m, while the off-diagonal entries go to zero.
One can show that mνij /mνii (i = j ) are monotonous
functions of m. Hence, for a sufficiently large neutrino
mass scale the required hierarchy in the matrix ele-
ments arises and the radiative generation of zeros in
the off-diagonal elements becomes possible. In con-
trast, it is not possible to generate zeros in the diagonal
entries.
If one Majorana phase is π and the other one zero,
i.e., one of the mass eigenstates has a negative CP
parity, all |mνij| become large for m → ∞. The small-
est entry is |mν11| ≈ m cos 2θ12, but it cannot be much
smaller than the other matrix elements due to the ex-
perimental bound cos 2θ12 > 0.22 at the 3σ level [44].
Quantum corrections between the electroweak and the
see-saw scale are not likely to change this situation,
since they are not significant in the SM, and since they
only cause a decrease of θ12 in the MSSM [45] unless
θ13 is close to its experimental upper limit [43]. Con-
sequently, the generation of a texture zero is unlikely.
The last real case, ϕ1 = ϕ2 = π , leads to the same
conclusions for the first row and column as ϕ1 =
ϕ2 = 0, because only the phase difference is relevant
here. The situation changes for the diagonal elements
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zeros can be generated in these elements if θ23 is close
to 45◦. The remaining off-diagonal entry mν23 stays
large for large atmospheric mixing and thus cannot be
driven to zero by the RG in this case.
For a complex mass matrix, i.e., arbitrary phases,
the hierarchy requirement must be satisfied by both
the real and the imaginary parts of the respective ma-
trix elements, as mentioned in the beginning of this
section. In the 23-block of mν , this is not possible
even if the Majorana phases are very small, because
the hierarchy in the real cases is due to a cancella-
tion between the three terms contributing to mν23 , only
two of which contribute to the imaginary part. Con-
sequently, one expects at first sight that texture zeros
can only be generated radiatively in the CP-conserving
cases. However, this is too pessimistic, since adding a
small imaginary part to the neutrino mass matrix does
not change the mixing angles and mass squared dif-
ferences significantly, except for special cases such as
exactly degenerate mass eigenvalues. This allows us to
make the imaginary part vanish by slightly adjusting
the initial mass matrix, if the values of the Majorana
phases are not too far away from 0 or π . For the ele-
ments of the first row and column, only the difference
of the phases is relevant. Hence, the radiative genera-
tion of a texture zero in these positions is possible for
arbitrary Majorana phases, provided that their differ-
ence is small.
If θ13 is non-zero, a finite Dirac phase δ could be
an obstacle for the generation of texture zeros as well.
However, as θ13 is experimentally restricted to be rela-
tively small and does not grow too much under the RG
[43], the same argument holds as for small Majorana
phases, so that the value of δ is not very important.
In the case of an inverted mass hierarchy, we use the
convention m3 := m, m2 =
√
m2 + |
m2a| and m1 =√
m2 + |
m2a| − 
m2 ≈ m2. Then the elements of
the neutrino mass matrix can be expressed as
(18a)mν11 ≈
√
m2 + ∣∣
m2a∣∣(s212eiϕ2 + c212eiϕ1),
(18b)
mν22 ≈
√
m2 + ∣∣
m2a∣∣c223(c212eiϕ2 + s212eiϕ1)
+ ms223,(18c)
mν33 ≈
√
m2 + ∣∣
m2a∣∣ s223(c212eiϕ2 + s212eiϕ1)
+ mc223,
(18d)
mν12 ≈
(√
m2 + ∣∣
m2a∣∣eiϕ2
−
√
m2 + ∣∣
m2a∣∣− 
m2 eiϕ1)c12s12c23,
(18e)
mν13 ≈ −
(√
m2 + ∣∣
m2a∣∣eiϕ2
−
√
m2 + ∣∣
m2a∣∣− 
m2 eiϕ1)c12s12s23,
(18f)
mν23 ≈
(−√m2 + ∣∣
m2a∣∣(c212eiϕ2 + s212eiϕ1)+ m)
× c23s23
for θ13 ≈ 0. We have not used the approximation m1 ≈
m2 for mν12 and mν13 to avoid underestimating the
size of these entries for small m and equal Majorana
phases. For the other matrix elements, this approxima-
tion is sufficiently accurate, since the mass eigenvalues
are multiplied by s212 and c
2
12, respectively. Experimen-
tally, these numbers are known to be unequal (and this
does not change during the running up to the see-saw
scale, as mentioned above), so that there is no com-
plete cancellation if 
m2 is neglected.
A strong mass hierarchy causes most elements of
mν to be of the order of
√

m2a, so that the radia-
tive generation of texture zeros in these positions is
not possible. The exceptions are mν12 and mν13 , which
are smaller than the other elements by a factor of about

m2/
m2a for equal Majorana phases. Hence, these
entries can become zero at the GUT scale even for rel-
atively small values of m.
For quasi-degenerate masses, the conclusions are
the same as for a normal mass ordering. This is not
surprising as the only difference is the sign of the at-
mospheric mass squared difference, which is not im-
portant for |
m2a|  m2.
An overview of the results of this section is given
in Table 1. The positions in the neutrino mass matrix
where a texture zero can be generated radiatively are
marked by a “◦”. Comparing these results with the
classification of two-zero textures in the literature, we
find that three of the six forbidden textures in [11] can
be reconciled with data by the RG evolution. These are
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Possible positions of radiatively generated texture zeros in the neu-
trino mass matrix, marked by a “◦”. For ϕ1 ≈ ϕ2 ≈ π , at most 3 of
the 4 zeros can be produced at the same time
Neutrino masses Majorana phases
Normal hierarchy, m1 ≈ 0 arbitrary
( · · ·
· · ·
· · ·
)
Inverted hierarchy, m3 ≈ 0 ϕ1 ≈ ϕ2
( · ◦ ◦
◦ · ·
◦ · ·
)
ϕ1 ≈ ϕ2
( · · ·
· · ·
· · ·
)
Quasi-degenerate ϕ1 ≈ ϕ2 ≈ 0
( · ◦ ◦
◦ · ◦
◦ ◦ ·
)
ϕ1,2 ≈ 0, ϕ2,1 ≈ π
( · · ·
· · ·
· · ·
)
ϕ1 ≈ ϕ2 ≈ π
( · ◦ ◦
◦ ◦ ·
◦ · ◦
)
ϕ1 ≈ ϕ2 ≈ 0,π
( · ◦ ◦
◦ · ·
◦ · ·
)
ϕ1 ≈ ϕ2
( · · ·
· · ·
· · ·
)
the patterns of class F,(× 0 0
0 × ×
0 × ×
)
,
(× 0 ×
0 × 0
× 0 ×
)
,
(× × 0
× × 0
0 0 ×
)
,
where the crosses “×” stand for the non-zero entries.
On the other hand, class E, i.e., the matrices of the
form( 0 × ×
× 0 ×
× × ×
)
,
( 0 × ×
× × ×
× × 0
)
,
( 0 × ×
× × 0
× 0 ×
)
,
remain forbidden. The reason for this is the zero in the
11-element, which cannot be generated radiatively due
to the large deviation of the solar mixing angle from
π/4 (cf. Eqs. (17a), (18a)). One could hope to circum-
vent this problem by assuming that this texture zero
exists already at low energies and that only the sec-
ond one is created by the running. However, this is notpossible, since mν11 = 0 requires either a strong hierar-
chy or a difference of π between the Majorana phases,
both of which prevent the generation of another tex-
ture zero.
Thus, the number of two-zero textures which are
at least marginally compatible with experimental data
can be raised from 9 to 12 if one includes RG effects.
Furthermore, Table 1 shows that a number of textures
with three zeros, none of which is allowed at low en-
ergies [10], should be possible as well.
3. Examples for radiatively created texture zeros
In this section, we give numerical examples for the
radiative generation of texture zeros. The RG evolu-
tion from the GUT scale to low energies is calculated
numerically, starting with the desired texture zeros in
the neutrino mass matrix and suitable values for the
other parameters which ensure that all low-energy ob-
servables are compatible with experiment. This time,
we solve the complete set of coupled differential equa-
tions and take into account the threshold corrections
arising when the singlet neutrinos are successively in-
tegrated out at different energies [39,40]. The exam-
ples are intended as a proof of principle, and there-
fore we show only one particular set of parameters for
each case rather than trying to determine the complete
allowed region in parameter space. For the same rea-
son, we do not consider higher-order corrections from
MSSM thresholds [46,47] or two-loop effects [48], for
example, which could change the low-energy value of
the solar angle and may make it necessary to adjust
some of the initial values, but do not spoil the general
viability of the scenario.
3.1. Zeros in the 12- and 13-entries
The texture with mν12 = mν13 = 0 (pattern F1 in the
classification of [11]) implies either m1 = m2 = m3
or θ12 = 0 and is therefore not compatible with data
unless these predictions are changed by quantum cor-
rections. Both cases have been studied in the literature
[49–51], and it has been found that both can be com-
patible with the LMA solution at low energy. There-
fore, we do not give an example here.
C. Hagedorn et al. / Physics Letters B 597 (2004) 63–72 69Fig. 1. Running from vanishing neutrino mixing (left column) or a three-zero texture with mν33 = mν12 = mν13 = 0 (right column) at the GUT
scale MGUT = 1016 GeV to the LMA solution at low energy. We used the MSSM with tanβ = 50 and a SUSY breaking scale MSUSY = 1 TeV.
The kinks in the plots stem from integrating out the heavy singlets and the SUSY particles at their mass thresholds and the SUSY breaking
scale, respectively. The mass eigenvalues are defined using the constant vacuum expectation value v = v(0) ≈ sinβ · 246 GeV.3.2. Vanishing neutrino mixings at high energy
The numerical analysis of cases where a vanishing
23-element is generated shows that the 12- and 13-
elements often become very small, too. This prompts
one to ask whether exactly vanishing mixings might be
possible as well. As shown in the left column of Fig. 1,
this is indeed the case. In this example, we choose a di-
agonal neutrino mass matrix at MGUT = 1016 GeV and
use the MSSM with tanβ = 50 and a SUSY break-
ing scale of MSUSY = 1 TeV, below which the SM isassumed to be valid as an effective theory. The mass
of the lightest neutrino at low energy is about 0.2 eV.
The Majorana phases are set to zero without loss of
generality, since they can be absorbed by a redefini-
tion of the neutrino fields for a diagonal mass matrix.
The numerical values of the light neutrino masses and
Yukawa couplings at the GUT scale are
mν(MGUT) =
(0.2902 0 0
0 0.3056 0
0 0 0.3434
)
eV,
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(−0.04 0 0
−0.01 0.71 −0.02
0.004 −0.37 0.93
)
.
The masses of the singlet neutrinos are M1 ≈ 2 ×
1011 GeV, M2 ≈ 3 × 1013 GeV, and M3 ≈ 1014 GeV.
At MZ , we obtain θ12 ≈ 32◦, θ13 ≈ 0.5◦, θ23 ≈ 46◦,
δ = 0, 
m2 ≈ 7.6 × 10−5 eV2, and 
m2a ≈ 2.3 ×
10−3 eV2, all well within the experimentally allowed
2σ ranges. For the neutrino mass matrix at the lowest
see-saw scale, we find
mν(M1)
(19)
=
( 0.2558 1.2 × 10−4 −4.0 × 10−5
1.2 × 10−4 0.2600 0.0041
−4.0 × 10−5 0.0041 0.2774
)
eV.
It clearly satisfies the requirement of a strong hierar-
chy between those elements that vanish at the GUT
scale and the other entries, which we derived in Sec-
tion 2.2. Especially the large θ23 at low energies is eas-
ier to obtain in the MSSM than in the SM, since in the
former the contribution of the running below the see-
saw scale is also significant, if tanβ is not too small,
and drives the angle in the desired direction. Never-
theless, working examples can be found in the SM as
well. Obviously, this result implies that the two-zero
textures with mν12 = mν23 = 0 and mν13 = mν23 = 0
are possible as well.
One can see from the numerical precision of the
above mν and Yν at the GUT scale that some tun-
ing is necessary to obtain acceptable results. How-
ever, this is not that surprising considering that one
needs an O(10−5 eV2) mass squared difference be-
tween mass eigenvalues whose squares are of the order
of 10−2 eV2. Furthermore, there is a lot of freedom to
rearrange the values of the Yukawa couplings.
3.3. Zeros in the 33-, 12- and 13-entries
Finally, we consider an example where both Ma-
jorana phases equal π . As we derived in Section 2, it
should be possible to create zeros in the entries mν22 ,
mν33 , mν12 , or mν13 in this case. The two-zero tex-
tures involving these elements (cases B and C in the
classification of [10,11]) are compatible with data any-
way. Therefore, we pursue the more ambitious goal
of creating a three-zero texture with mν33 = mν12 =
mν13 = 0. Again, we use the MSSM with tanβ = 50and MSUSY = 1 TeV. The mass of the lightest neutrino
at low energy is about 0.21 eV. The light neutrino mass
matrix and the Yukawa couplings at the GUT scale are
mν(MGUT) =
(−0.30554 0 0
0 −0.0006 0.3328
0 0.3328 0
)
eV,
Yν(MGUT) =
(−0.04 0 −0.05
0.01 0.27 0
0.01 −0.35 0.61
)
.
The singlet neutrinos have the masses M1 ≈ 1011 GeV,
M2 ≈ 5 × 1012 GeV, and M3 ≈ 4 × 1013 GeV. For
the oscillation parameters at low energy, we find
θ12 ≈ 35◦, θ13 ≈ 0.01◦, θ23 ≈ 45◦, δ = 0, 
m2 ≈
7.6 × 10−5 eV2, and 
m2a ≈ 2.0 × 10−3 eV2. Their
running is displayed in the right column of Fig. 1. In
this example, the value of θ23 remains approximately
45◦ at all energies, since its RG evolution is strongly
damped by the Majorana phases. At high energies, the
mass ordering is inverted, but it changes to a normal
hierarchy because the running of 
m2 is very differ-
ent from that of 
m2a. Of course, it is also possible to
create a zero mν22 instead of mν33 . However, both di-
agonal elements can vanish at the same time only if
mν12 or mν13 remains finite.
4. Discussion and conclusions
In this Letter, the stability of zeros in neutrino mass
matrices under quantum corrections has been studied
and the consequences for the compatibility with ex-
perimental data have been discussed. We have consid-
ered a see-saw scenario with heavy singlet neutrinos
where texture zeros in the effective mass matrix of
the light neutrinos are assumed to be explained at the
GUT scale. The discussion was performed in the basis
where the mass matrix of the charged leptons is diag-
onal. The contributions of the off-diagonal elements
of the neutrino Yukawa couplings to the RG running
of the neutrino mass matrix can then replace the tex-
ture zeros by non-vanishing entries. From a bottom–up
perspective, we have called this radiative generation of
texture zeros. The positions where texture zeros can
be generated depend on the CP parities of the mass
eigenstates. As a consequence of this analysis, we find
that some textures for the neutrino mass matrix that
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tal data are not excluded. We find that three of the six
forbidden two-zero textures as well as several three-
zero textures are allowed. We have also shown that
the radiative generation of texture zeros is not possi-
ble for hierarchical neutrino masses or for Majorana
phases significantly different from 0 and π . Hence, the
usual classification of forbidden and allowed textures
applies in these cases. Texture zeros in the 12- and
13-entries of the mass matrix can also be created for
arbitrary Majorana phases as long as they are approx-
imately equal. The validity of our results was demon-
strated by numerical examples. We included even a
case where acceptable low-energy mixings are gener-
ated starting from a fully diagonal effective neutrino
mass matrix at the GUT scale.
One should keep in mind that the mass matrix of
the light neutrinos at high energy scales is a secondary
quantity derived from the neutrino Yukawa couplings
and the Majorana mass matrix of the singlet neutrinos.
A more complete theory of flavour with texture zeros
would probably be based on some symmetry predict-
ing zeros in these matrices. As there are many pos-
sibilities, see, e.g., [12,13,20], the analysis is beyond
the scope of this work and remains to be done in fu-
ture studies. However, it is clear that a statement which
was found to be stable under radiative corrections in
the present context will not change as it does not de-
pend on the origin of the zeros in the neutrino mass
matrix. A change is more likely the other way round:
as the requirement of texture zeros in the Yukawa cou-
plings and Majorana mass matrix removes some free
parameters, the radiative generation of texture zeros
becomes harder. It does not necessarily become im-
possible, however, since zeros in these matrices can be
generated radiatively as well. It is also possible that a
flavour symmetry guarantees the changes in the posi-
tions of the zeros below the GUT scale to be small.
This obviously depends on the details of the model.
Another aspect concerns flavour-violating decays
of charged leptons such as µ → eγ . It should be pos-
sible to suppress these processes sufficiently by ad-
justing the Yukawa couplings in such a way that the
relevant elements of Y †ν Yν are very small.
Finally, one could also ask if an originally allowed
texture can become forbidden at low energy. In par-
ticular examples, this is certainly possible, but it can
always be avoided by choosing smaller Yukawa cou-plings, a smaller mass of the lightest neutrino or differ-
ent values of the Majorana phases, all of which are not
very strongly restricted by experiment. Hence, a com-
plete exclusion of an allowed texture is not possible.
In other words, the RG evolution can make a forbid-
den texture allowed, but not vice versa.
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